The aim of this paper was to solve the third order viscous wave equation: u tt = vu xx + c 2 u xxt , which is a PDE. It occurs in many real-life situations such as water waves, sound waves, radio waves, light waves and seismic waves. This equation has been solved before using analytical methods but not yet been exhaustively nor conclusively done. Two schemes, namely CD-FD and CN-FD were developed and the equation discretised by FDM. We used each scheme respectively to obtain solution algorithms. Stability of the schemes was analysed, consistency of the numerical solutions with the original equation was tested, and Mathematica software used to generate solutions. The numerical computational results obtained for solutions of third order viscous wave equation obtained for varying the mesh ratio showed that the schemes were both conditionally stable and consistency noted. We found that as the mesh ratio reduces, the solution tends towards the exact solution. The solution algorithm showed consistency with the original viscous equation when tested. In addition, the equation simulates many physical situations which include designing of bridges, acoustics, gas dynamics, seismology, meteorology among many other natural phenomena. This work contributes to mathematical knowledge in research and innovations which apply PDEs.
Introduction
Finite Difference Method has been used to solve a variety of physical problems, [9, 16, 29] . The FDM is becoming increasingly more important in the seismic industry and structural modelling due to its relative accuracy and computational efficiency. It is the most commonly used approach in numerical modelling, [31] . Seismic waves may be simulated by a viscous type of wave equation which is known to be difficult to obtain the analytical solution. This is where the numerical solution to such types of equations is needed to solve practical problems, [20] . Hyperbolic PDEs arise in a broad spectrum of applications where wave motion is involved, examples; optics, acoustics, oil and gas dynamics and vibrating string to name but a few. Waves have distinct properties specific to their type but also exhibit characteristics in common with more abstract waves such as sound waves and light waves [5, 7, 11] . We solved the equation u tt = vu xx + c 2 u xxt , t > 0, 0 < x < L, 0 < t < T, −∞ < u < ∞ (1.1)
where u = u(x, t), denotes a dependent function on two variables, which include spatial x, time t and their partial derivatives, v is the velocity coefficient, c the viscosity coefficient and T is a given time constant. The initial and boundary conditions are given as follows;
u(x, 0) = 0 = g(x) = sin (x m ) : x ∈ (0, L) (1.2) u t (x, 0) = 0 : x ∈ (0, L) (1.3) u(0, t) = 0, t ∈ (0, T ) (1.4) f (t) = sin(t) : u(0, t) = sin(t) (1.5)
u(x, t) = u(5.5, t) = 0 : t > 0 (1.6) u(L, t) = 0, t ∈ (0, T ) (1.7)
Approximations of Derivatives
We used Taylor's series expansion of u(x + h, t) and u(x − h, t) about a selected grid point U m,n as according to, [17, 21, 26] . To start with, take the function and its partial derivatives to be continuous. The finite difference approximations to derivatives was then obtained from the expansion of two variables x and t. When we truncated the terms of O(h 2 ) and above on the expansion and re-arranged we obtained;
This equation is the Centred Difference (CD) approximation to u xx with an error of order h 2 .
which is the Forward Difference (FD) approximation to u t with an error of order k (first order accurate). Similarly, truncating the terms of O(h 2 ) and above and re-arranging yielded;
This equation is the Centred Difference (CD) approximation to u tt with an error of order k 2 . Equations (2.1), (2.2) and (2.3) respectively were re-written and stated with numerical symbols thus;
Similarly, we had the approximations for the Partial Derivatives with respect to t as listed below;
this was referred to as the FD in time, t
Finally, this was referred to as the CD scheme of second order derivative with respect to time, t. All these are finite difference schemes of either first or second order accuracies in space and time, [8, 9] . Let U (x, t) = U (m+h,n+k) with U m,n as the point of reference. The values of h and k was then varied iteratively and in steps such as h=0,1, 2 and so on. In numerical terms, this is written as U m+1,n+1 , U m,n+1 , U m+1,n+2 and may continue in the same manner.
Finite Difference Method
This section dealt with the discretisation of the equation (1.1) by FDM. We developed, analysed the stability and consistency of the numerical algorithm which may also be referred to as a numerical solution. The method forms the basis for most of the numerical solutions without alterations to the original equation. Numerical solution schemes to equations are used in many forms in numerical solvers. An advantage of this method is how it can be applied directly to the differential form of the governing equations. The principle here is to employ a Taylor's series expansion for the approximation of the derivatives concerned. Another important advantage is its simplicity. It provides the possibility to easily obtain high-order approximations and hence to achieve high-order accuracy of the spatial discretisation. The FDM is the most straight forward numerical approach in seismic modelling, and it is also becoming increasingly more important in the seismic industry and structural modelling due to its relative accuracy and computational efficiency, [31] .
On the other hand, because the method requires a structured grid, the range of application should be clearly restricted, which is a disadvantage. However, with this method, the governing equation has to first be transformed into a Cartesian coordinate system or in other words from the physical to the computational space. Nowadays, this method is utilized in the research of turbulent flows together with immersed boundary cells, in biology. Sometimes PDEs are very difficult to solve analytically or similarly when models are needed for computer simulations, [17] . In these cases, at this juncture, FDM is used to solve the equations instead of analytical approach. This method is also very good for solving eigenvalue problems which is an added advantage. Many real life problems generally do not have analytical solutions and this is where numerical techniques come in handy, [9, 3, 21] .
Numerical schemes
We considered the equation u tt = vu xx + c 2 u xxt , it is known to be a hyperbolic PDE. Here the second partial derivative with respect to time, u tt , was approximated by equation (2.6) . Likewise the derivative u xx is of second order accurate in space was approximated by equation(2.4) and u t which is first order accurate in in time by equation (2.5) . While the mixed third order derivative was obtained by first replacing the partial derivatives in turns. Centred-forwardapproximation, (CD-FD), was used to discretise u xxt . To achieve this, we used the centred-difference approximation for u xx and a forward difference approximation for partial derivative in time, t, u t . We started with the viscosity term stated as; u xxt = ∂ ∂t (u xx ) where numerical second spatial derivative in x was as shown in equation (2.4) and the first derivative in time t, in equation (2.5). Therefore it follows that the third order term becomes;
simplified, ignored higher order terms and simplified further, for the right hand side of the equation and we got;
2) This equation has been obtained using the already truncated approximations for u xx and u t , [7] .
Centred-Forward Difference Scheme
We replaced u tt in equation (1.1) by the equation (2.6), u xx by the equation (2.4). On the other hand, to discretise the third order viscous term, u xxt , we combined u xx and u t using the already defined derivatives as discussed below. The FDM allows replacements term by term using numerical schemes and we obtained an algebraic equation as stated in equation (4.3) below; First, let the mesh ratio r = 
Where m = 1, 2, 3, . . . (E − 1), E and E was number of divisions along the x-axis. The final scheme (4.3) obtained was referred to as CD-FD numerical scheme and known as a numerical solution to the third order wave equation by CD-FD scheme.
Stability of Centred-Forward Difference Scheme
The stability of a finite difference solution is an important characteristic and must be established before getting into solving any equation. This concerns the nature of errors generated during discretisation and accumulated over the previously approximated schemes, [23] . The actual solution to the difference equation can be found if only we could possibly carry out all numerical operations extended to an infinite number of decimal places. However, every calculation made by the computer is carried out to finite number of significant figures. As a result, this will bring out a round off error at each level, [2, 22, 11, 28] . CD-FD scheme was expanded iteratively by taking m=1,2,3,...(E-1) obtained a system of equations;
which are linear algebraic form of equation (4.3). It was re-written in matrixvector form and stability analysis was done using matrix-eigen value method. It was found that the CD-FD scheme was conditionally stable.
Crank Nicolson scheme
Next we replaced u tt by its CD-FD scheme, u xx by the average of its centred difference approximations at n th time level and at (n + 1) th time level. We referred to this as CN-FD scheme, which yielded equation (4.5) 
2 , the scheme (4.4) becomes;
This is for m = 1, 2, 3, . . . , (E − 1), E where E is number of divisions along the x-axis. The final scheme obtained is referred to as CN-FD numerical scheme.
Stability Analysis of Crank-Nicolson Scheme
We used the matrix method to analyse stability of the scheme (4.5). Expanding this scheme by taking m = 1, 2, 3, (E − 1) and obtained the following general result of system of equations.
the systems of linear algebraic of equation (4.5) was written in matrix-vector form as and stability Analysis was done using Matrix Method. It was found that the CN-FD scheme was also conditionally stable.
Consistency of the whole Equation
Truncations carried forward accumulated errors, therefore, it was necessary to find out the consistency of the numerical solution with the original equation. We used a related concept of error analysis. The process of testing consistency was done step by step using the application of Taylors expansion. The viscous term being u xxt . This is the term which determines the order of the model equation. The other two terms are both second order, one in space, x and the other in time, t. We carried out expansion of equation (1.1) using Taylors expansion. It was found that the CD-FD and CN-FD numerical solution algorithms were both consistent with the original equation, [12] .
Results
From the initial and boundary conditions, u t (x, 0) = 0, the forward difference analogue of u t yields;
Similarly, from the initial condition, u(x, 0) = 0, u(x, 0) ≈ U m,0 = sin(x m ). Therefore U m,0 = 0 and U m,1 = 0 7 Graphical Presentations
Case one
We use CD-FD scheme and Mathematica software, to find the solution of the third order viscous wave equation at two levels, namely n = 1 , 2 to start with. An appropriate temporal mesh size considered for the calculation is taken for different values of h, k, r, β and t,we got the results as follows for the given values thus; h = , β = 2, r = 1, the schemes become;
CD-FD :
−2U m−1,n+1 +5U m,n+1 −2U m+1,n+1 = −U m−1,n +4U m,n −U m+1,n −U m,n−1 (7.1)
CN-FD :
−5U m−1,n+1 + 12U m,n+1 − 5U m+1,n+1 = −3U m−1,n + 10U m,n − 3U m+1,n − 2U m,n−1 (7.
2)
The solutions at t = 0 andt = 1 are already known and are referred to as the zero and the first time level solutions respectively for 0 ≤ x ≤ 5. Using the initial and boundary conditions stated as equation (1.1) earlier, u(0, t) = f (t), u(5, t) = 0 : t > 0, let f (t) = sin(t) implying that u(0, t) = sin(t). Also let u(∞, t) = u(5.5, t) = 0 : t > 0, u(x, 0) = 0, u t (x, 0) = 0. Here, the subscript m -designates the grid point along the x -direction, and n along the t -direction as described earlier. Therefore n is varied as m =1, 2, 3....10; with m and n fixed as n=0 and m = 1,2 3, ...10 in Equation (3.7) repeatedly. The systems of linear algebraic equations obtained are by fixing n (from n = 1) and vary m and the mesh ratio, tabulate values and present graphically for both case one and two.
Forward Difference Scheme
We use Mathematica to output the results graphically In 
Crank Nicolson Scheme
We use mathematica to output the results graphically as shown below. In 8 Graphical Presentations
Case Two
For h = 1/5, k = 1/5, = 5, r = 1, the schemes become;
CD-FD:
The solutions at t = 0, t = 1 are already known For 0 ≤ x ≤ 5. From the initial and boundary conditions, u(0, t) = f (t), u(∞, t), t) = 0 :
We fix n (from n=1) and vary m iteratively to obtain systems of equations
Forward Difference Scheme
In [ under this assumption of an ideal medium. In reality, sound propagation in a viscous fluid is damped; that is, the amplitude of the pressure of the sound wave decreases with increasing distance from the sound source, [12] . Our results from the two numerical schemes, CD-FD and CN-FD, confirm this since the displacement of the particles given by u(x, t) decrease and tend towards zero with an increase in the distance from the source (in this case at t = 0).
Conclusion
This study focused on the third order viscous sound wave equation. The objectives of this study were: first, to solve the model equation (1.1) using FDM. To pursue this objective, we discretised the equation, developed two numerical schemes, namely CD-FD and CN-FD Schemes. Numerical solution algorithms were developed, and Mathematica software used to generate solutions to the third order viscous wave equation. The study found that both schemes were conditionally stable. We restricted the mesh size ratio (β = k/h 2 and r = k 2 /h 2 , (h = (x), k = (t)) and even the upper limit on the values of x. CD-FD and CN-FD analogues were used for u xxt and came up with two sets of results respectively; Case One for a larger mesh ratio and the other for a slightly smaller case two. The two schemes have produced nearly similar results. We managed to come up with the numerical solution system to the viscous wave equation under study and the results interpreted.
Recommendations
For further research, we recommend the following: (i) Use of Von Neumann method to test stability analysis of FDM for equation (1.1) (ii) Explore an analytical solution to this problem using other methods apart from Laplace Transforms. 
